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Abstract 
The purpose of this paper is to deduce a Schur type inequality for five variables. 
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1. Introduction 
Let us consider three real variables ݔǡ ݕǡ ݐ א ܴ such that ݔǡ ݕ ൒ Ͳ and ݐ ൐ Ͳ. Then ݔ௧ ൉  ሺݔ െ ݕሻ ൅ݕ௧ ൉  ሺݕ െ ݔሻ ൒
Ͳ . Indeed, without loss of generality we can suppose, that ݔ ൒ ݕ ൒ Ͳ . This means that ݔ௧ ൒ ݕ௧  for ݐ ൐ Ͳ . 
Consequently ሺݔ െ ݕሻ ൉ ሺݔ௧ െ ݕ௧ሻ ൒ Ͳ, i.e.  ݔ௧ ൉  ሺݔ െ ݕሻ ൅ݕ௧ ൉  ሺݕ െ ݔሻ ൒ Ͳ.  
Let us consider four real variables ݔǡ ݕǡ ݖǡ ݐ א ܴ such that ݔǡ ݕǡ ݖ ൒ Ͳ and ݐ ൐ Ͳ. Then    ݔ௧ ൉  ሺݔ െ ݕሻ ൉  ሺݔ െ ݖሻ ൅
ݕ௧ ൉  ሺݕ െ ݔሻ ൉ ሺݕ െ ݖሻ ൅ݖ௧ ൉  ሺݖ െ ݔሻ ൉ ሺݖ െ ݕሻ ൒ Ͳ, 
which is known as Schur’s inequality, see for example [1].  In order to prove this inequality the idea of Schur is 
the following: without loss the generality we can suppose ݔ ൒ ݕ ൒ ݖ ൒ Ͳ. Then we can write this inequality in the 
form:  
ሺݔ െ ݕሻ ൉  ൣݔ௧ ൉  ሺݔ െ ݖሻȂݕ௧ ൉  ሺݕ െ ݖሻ൧ ൅ݖ௧ ൉  ሺݖ െ ݔሻ ൉  ሺݖ െ ݕሻ ൒ Ͳ. Now  ݔ௧ ൒ ݕ௧ ൒ Ͳ and ݔ െ ݖ ൒ ݕ െ
ݖ ൒ Ͳ soݔ௧ ൉  ሺݔ െ ݖሻ ൒ ݕ௧ ൉  ሺݕ െ ݖሻ.  
This means that  
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ሺݔ െ ݕሻ ൉  ൣݔ௧ ൉  ሺݔ െ ݖሻȂݕ௧ ൉  ሺݕ െ ݖሻ൧ ൒ Ͳ. At the same time ݖ௧ ൉  ሺݖ െ ݔሻ ൉  ሺݖ െ ݕሻ ൒ Ͳ, too. By addition we 
obtain Schur’s inequality.  
2. Main part.  
The purpose of this paper is to generalize Schur’s inequality for five variables. Let us consider five real variables 
ݔǡ ݕǡ ݖǡ ݒǡ ݐ א ܴ such that ݔǡ ݕǡ ݖǡ ݒ ൒ Ͳ and ݐ ൐ Ͳ. Then we propose the following inequality: 
ݔ௧ ൉  ሺݔ െ ݕሻ ൉  ሺݔ െ ݖሻ ൉  ሺݔ െ ݒሻ ൅ݕ௧ ൉  ሺݕ െ ݔሻ ൉ ሺݕ െ ݖሻ ൉ ሺݕ െ ݒሻ ൅ 
ݖ௧ ൉  ሺݖ െ ݔሻ ൉  ሺݖ െ ݕሻ  ൉  ሺݖ െ ݒሻ ൅ݒ௧ ൉  ሺݒ െ ݔሻ ൉  ሺݒ െ ݕሻ ൉  ሺݒ െ ݖሻ ൒ ͲǤ  (1)
Without loss the generality we can suppose that ݔ ൒ ݕ ൒ ݖ ൒ ݒ ൒ Ͳ. If we want to use Schur’s idea in this case 
and we group the first term with the second or with the third or with the fourth, respectively, then we can not prove 
this inequality. Indeed, if we denote ܨǣሾͲǡλሻସ ൈሺͲǡλሻ ՜ ܴ,  
ܨሺݔǡ ݕǡ ݖǡ ݒǡ ݐሻ ൌ  ݔ௧ ൉  ሺݔ െ ݕሻ  ൉  ሺݔ െ ݖሻ ൉  ሺݔ െ ݒሻ ൅ ݕ௧ ൉  ሺݕ െ ݔሻ  ൉  ሺݕ െ ݖሻ  ൉  ሺݕ െ ݒሻ ൅ ݖ௧ ൉  ሺݖ െ ݔሻ  ൉
ሺݖ െ ݕሻ  ൉  ሺݖ െ ݒሻ ൅ݒ௧ ൉  ሺݒ െ ݔሻ  ൉  ሺݒ െ ݕሻ  ൉  ሺݒ െ ݖሻ,  
then  
ܨሺ͸ǡͶǡʹǡͳǡͳሻ ൌ ͸ ൉ ʹ ൉ Ͷ ൉ ͷ ൅ Ͷ ൉ ሺെʹሻ ൉ ʹ ൉ ͵ ൅ ʹ ൉ ሺെͶሻ ൉ ሺെʹሻ ൉ ͳ ൅ ͳ ൉ ሺെͷሻ ൉ ሺെ͵ሻ ൉ ሺെͳሻ ൌ ͳͻ͵ ൐ Ͳ  
and  
ܨሺͳͲǡͻǡ͹ǡʹǡͳሻ ൌ ͳͲ ൉ ͳ ൉ ͵ ൉ ͺ ൅ ͻ ൉ ሺെͳሻ ൉ ʹ ൉ ͹ ൅ ͹ ൉ ሺെ͵ሻ ൉ ሺെʹሻ ൉ ͷ ൅ ʹ ൉ ሺെͺሻ ൉ ሺെ͹ሻ ൉ ሺെͷሻ ൌ െʹ͵͸ ൏ Ͳ. 
The aim of this paper is to preserve the Schur type inequality (1) taking a supplementary condition. 
 
Theorem. If the real numbers ݔǡ ݕǡ ݖǡ ݒǡ ݐ א ܴ are such that ݔ ൒ ݕ ൒ ݖ ൒ ݒ ൒ Ͳ, ݐ ൐ Ͳ and ݔ ൅ ݒ ൒ ݕ ൅ ݖ then 
the Schur type inequality (1) is true.  
 
Proof. Let us denote ܽ ൌ ݔ െ ݕ ൒ Ͳ , ܾ ൌ ݕ െ ݖ ൒ Ͳ , ܿ ൌ ݖ െ ݒ ൒ Ͳ . The condition ݔ ൅ ݒ ൒ ݕ ൅ ݖ  means 
ݔ െ ݕ ൒ ݖ െ ݒ, i.e. ܽ ൒ ܿ. Now we rewrite the left side of (1) using the variables ܽǡ ܾǡ ܿ:  
ܨሺݔǡ ݕǡ ݖǡ ݒǡ ݐሻ ൌ  ݔ௧ ൉ ܽ ൉  ሺܽ ൅ ܾሻ ൉  ሺܽ ൅ ܾ ൅ ܿሻ ൅ݕ௧ ൉  ሺെܽሻ ൉ ܾ ൉  ሺܾ ൅ ܿሻ ൅ 
൅ݖ௧ ൉  ሾെሺܽ ൅ ܾሻሿ ൉  ሺെܾሻ ൉ ܿ ൅ݒ௧ ൉  ሾെሺܽ ൅ ܾ ൅ ܿሻሿ ൉  ሾെሺܾ ൅ ܿሻሿ ൉  ሺെܿሻ ൌ 
 ൌ ሺܽ ൅ ܾ ൅ ܿሻ ൉  ൣݔ௧ ൉ ܽ ൉  ሺܽ ൅ ܾሻȂݒ௧ ൉  ሺܾ ൅ ܿሻ ൉ ܿ൧ െ 
Ȃ ܾ ൉  ሾݕ௧ ൉ ܽ ൉  ሺܾ ൅ ܿሻȂݖ௧ ൉ ሺܽ ൅ ܾሻ ൉ ܿሿ            (2)
We will demonstrate that   
ݔ௧ ൉ ܽ ൉  ሺܽ ൅ ܾሻȂݒ௧ ൉  ሺܾ ൅ ܿሻ ൉ ܿt ݕ௧ ൉ ܽ ൉  ሺܾ ൅ ܿሻȂݖ௧ ൉ ሺܽ ൅ ܾሻ ൉ ܿ ൒ ͲǤ                     (3) 
Indeed, from ݕ ൒ ݖ ൒ Ͳ  and ݐ ൐ Ͳ  we can deduce that ݕ௧ ൒ ݖ௧ ൒ Ͳ  and ܽ ൉  ሺܾ ൅ ܿሻ ൒ ሺܽ ൅ ܾሻ ൉ ܿ ൒ Ͳ , 
because ܽ ൒ ܿ ֜ ܽ ൉ ܾ ൒ ܾ ൉ ܿ ֜ ܽ ൉ ܾ ൅ ܽ ൉ ܿ ൒ ܽ ൉ ܿ ൅ ܾ ൉ ܿ ֜ ܽ ൉  ሺܾ ൅ ܿሻ ൒ ሺܽ ൅ ܾሻ ൉ ܿ ൒ ͲǤ  So 
ݕ௧ ൉ ܽ ൉  ሺܾ ൅ ܿሻ ൒ ݖ௧ ൉ ሺܽ ൅ ܾሻ ൉ ܿ, i.e.  ݕ௧ ൉ ܽ ൉  ሺܾ ൅ ܿሻȂݖ௧ ൉ ሺܽ ൅ ܾሻ ൉ ܿ ൒ Ͳ. 
Next we will show that  
ݔ௧ ൉ ܽ ൉  ሺܽ ൅ ܾሻ െݒ௧ ൉  ሺܾ ൅ ܿሻ ൉ ܿ ൒ ݕ௧ ൉ ܽ ൉  ሺܾ ൅ ܿሻȂݖ௧ ൉ ሺܽ ൅ ܾሻ ൉ ܿ ฻
ݔ௧ ൉ ܽ ൉  ሺܽ ൅ ܾሻ ൅ݖ௧ ൉ ሺܽ ൅ ܾሻ ൉ ܿ ൒  ݕ௧ ൉ ܽ ൉  ሺܾ ൅ ܿሻ ൅ݒ௧ ൉  ሺܾ ൅ ܿሻ  ൉ ܿǤ            (4) 
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Indeed  ݔ ൒ ݕ ൒ Ͳ ൒ ݔ௧ ൒ ݕ௧ ൒ Ͳ and ܽ ൒ ܿ ֜ ܽ ൅ ܾ ൒ ܾ ൅ ܿ ֜ ܽ ൉  ሺܽ ൅ ܾሻ ൒ ܽ ൉  ሺܾ ൅ ܿሻ ൒ Ͳ, so   
ݔ௧ ൉ ܽ ൉  ሺܽ ൅ ܾሻ ൒ ݕ௧ ൉ ܽ ൉  ሺܾ ൅ ܿሻ.            (5) 
At the same time ݖ ൒ ݒ ൒ Ͳ ֜ ݖ௧ ൒  ݒ௧ ൒ Ͳ  and  ܽ ൒ ܿ ֜ ܽ ൅ ܾ ൒ ܾ ൅ ܿ ֜ ሺܽ ൅ ܾሻ ൉ ܿ ൒  ሺܾ ൅ ܿሻ ൉ ܿ ൒ Ͳ, 
so   
ݖ௧ ൉  ሺܽ ൅ ܾሻ ൉ ܿ ൒ ݒ௧ ൉  ሺܾ ൅ ܿሻ  ൉ ܿǤ                (6)   
Now we add the inequalities (5) and (6) and we obtain (4). To finish the proof we use the inequality ܽ ൅ ܾ ൅ ܿ ൒
ܾ ൒ Ͳ and the inequality (3). Consequently by multiplication term by term of these inequalities and using the form 
(2) we get  ܨሺݔǡ ݕǡ ݖǡ ݒǡ ݐሻ ൒ Ͳ.   q.e.d. 
 
Observation 1. Using the above theorem we have equality in the Schur type inequality (1) in the following cases: 
1. ݔ ൌ ݕ ൌ ݖ ൌ ݒ ൒ Ͳ; 
2. ݔ ൌ ݕ ൌ ݖ ൒ Ͳ and ݒ ൌ Ͳ; 
3. ݔ ൌ ݕ ൒ Ͳ and ݖ ൌ ݒ ൌ Ͳ. 
 
Observation 2. If we choose ݒ ൌ Ͳ then using the above theorem from the Schur type inequality (1) we obtain 
the following Schur inequality: 
if ݔ ൒ ݕ ൅ ݖ then we have  
ݔ௧ାଵ ൉  ሺݔ െ ݕሻ ൉ ሺݔ െ ݖሻ ൅ݕ௧ାଵ ൉  ሺݕ െ ݔሻ ൉  ሺݕ െ ݖሻ ൅ݖ௧ାଵ ൉  ሺݖ െ ݔሻ ൉  ሺݖ െ ݕሻ ൒ Ͳ.             
3. Conclusions.  
We can generalize this result using [2]. We can obtain a new Schur type inequality for six and seven variables, if we 
impose one or two supplementary conditions. 
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